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1. INTRODUCTION 
The main objective in this paper is to present several comparison results 
for the delay differential equation of the type 
x'"'+p(t)x'"~"+q(t)x'"-2'+H(t,x(g(t)))=Q(t) 
under certain assumptions. 
Theorem 3.1 studies the behaviour of the derivatives of the positive 
solution to the differential equation (I). Theorem 4.1 states that under cer- 
tain conditions the existence of a positive solution of the differential 
inequality 
x'"'+p(t)x'"-"+q(t)x'"-2'+H(t,x(g(t)))<0 
implies the same fact for the equality 
x'"'+p(?)x'"~"+q(t)x'"-*'+H(t,x(g(t)))=0. (11) 
This result extends Theorem 3.2 of Kosmala [9] where q(t) was zero and 
g(t) E t. That theorem was restated for the delay equation (II) with q(t) z 0 
in Lemma 3.6 of Kosmala [IO]. Foster and Grimmer [Z] proved this 
result for p(t), q(t) = 0. 
In Theorem 4.2 it is proven that (I) is oscillatory if and only if (II) 
oscillates. Kosmala [9] in Theorem 3.6 and Kartsatos and Toro [7] in 
Theorem 4.1 have studied this comparison with only n - 1 middle term. 
The next two comparison theorems extend Theorem 7 of Foster and Grim- 
mer [2], who considered p(t), q(t) = 0 and Q(f) E 0; Theorem 2.4 in [7] 
where q(t) 3 0 and Q(t) s 0; Theorem 2.1 of Kartsatos [4] where p(t), 
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q(t) = 0; and the result given by Kartsatos and Onose in [6] where p(t), 
q(t)-0. Observe that only [2, 6, lo] gave the comparison results for the 
delay differential equations. 
In the last section of the paper two oscillation results are given for 
Eq. (I). The first one, as in Theorem 3.7 in [lo], guarantees the oscillation 
of (I) assuming that 
X@) + p(t) XC” - I) + H(t, x(g(t))) = 0 
is oscillatory. The conditions here are quite different from the ones in [lo]. 
Theorem 5.2 extends Theorem 3.4 of Kosmala [lo] where the oscillation 
was given for a homogeneous equation. 
There were other mathematicians, for example, Erbe [ 11, who studied 
the differential equation with two middle terms but only of order three. It 
should be pointed out that the results given in this paper are new even if 
p(t)=0 and/or g(t)-0. 
2. PRELIMINARIES 
In what follows we consider Eq. (I) where n is an even integer, n > 4. By 
a solution to Eq. (inequality) (I) we mean any function x(t), t E [t,, co), 
which is n times continuously differentiable and satisfies (I) on the interval 
Ctx, co). The number t, > 0 depends on the particular solution x(t) under 
consideration. A solution x(t) is said to be oscillatory if it has an unboun- 
ded set of zeros in its interval of definition [t,, m). If all solutions of (I) 
are oscillatory, then Eq. (I) is said to be oscillatory. In what follows 
R=(-co,og),R+=[O,co),andR~=(-co,O].WedenotebyC”[t,,co) 
the space of all n times continuously differentiable functions f: [t,, co) --f R. 
Throughout the paper, H will always be assumed to be defined and con- 
tinuous on R, x R, increasing in its second variable and such that 
uH( t, U) > 0 for all (t, U) E R + x R with u # 0. The function g(t) will be con- 
tinuous on R, and such that g(t)<t with lim,,, g(t)= +a3. 
From Kiguradge’s paper [8] we quote: 
LEMMA A. Let x E Cn[tO, co) be given with t, > 0. Assume further that 
x”‘(t) x(t) <O for t 2 t,. Then there exists T 3 t, and an integer m, 0 < m < 
n - 1, such that for t z T we have 
xy t) x(t) > 0, k = 0, l,..., m; 
(-l)“+~X’~yt)X(t)<O, k = m +- 1, m + 2 ,..., n. 
The integer m is even if n is odd and odd if n is even. 
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3. PRELIMINARY RESULT 
DEFINITION. An nth-order linear differential equation is said to be 
disconjugate on an interval I c R + if no nontrivial solution of it has more 
than n - 1 zeros on I. 
THEOREM 3.1. Consider the inequality 
x’“‘+p(t)x’“-“+q(t)x’“-2’+H(t,x(g(t)))dQ(t) (3.1) 
with p E C’(R + ) and q E C( R + ). Let S(t) be a solution of 
S’“‘+p(t)S’“~“+q(t)S’“~*‘=Q(t). (3.2) 
Suppose further that 
u” + p(t) u’ + q(t) u = 0 (3.3) 
is disconjugate on R + . Let x(t) be an eventually positive solution of (3.1), 
then 
(i) [x(t)-S(t)]+*)>0 or [x(t)-S(t)]‘“-*)<0 for t large; 
(ii) zy, in addition, we assume that p(t) < 0 and q(t) > 0 for t 2 0, then 
either [x(t)-S(t)](i)>O, tB T, j=O, l,..., n- 1, for some T>O, or [x(t)- 
s(t)]‘“-2’ < 0 eventually. 
Proof (i) Suppose x(t) > 0 is a solution of (3.1) for all t > t, 2 0. Let 
u(t)=x(t)- S(t), t 2 t,. Then (3.1) becomes 
u’“‘(t)+p(t)u(“-‘)(t)+q(t)u(“~2)(t)+H(t,u(g(t))+S(g(t)))~O, (3.4) 
for t> t,. Since g(t) -+ +cc as t + +co, there exists t, 2 t, such that 
g(t) 3 to for every t b t, . Consequently, x( g( t)) > 0 for t b t, . The theorem 
is proven by contradiction. We assume that u + *l(t) is oscillatory. Suppose 
r(t) = u (n-2)(t). Then since u(g(t))+S(g(t))=x(g(t))>O, (3.4) gives 
r”(t) + p(t) r’(t) + 4(t) r(t) d -Wt, 4dt)) + Sk(t))) < 0 (3.5) 
for tat,. Let r(t2)=r(t3)=0 and r(t)#O for t,<t<t, where t,dt2<t3. 
To show that r(t)>0 for tE (t2, t3) we suppose that the contrary is true. 
So, letting u(t) = -r(t) > 0 we obtain from (3.5) that 
u”(t) + p(t) u’(t) + q(t) u(t) > 0 
for t E (t,, t3). Now applying Theorem 3.1 of Jackson and Schrader [3], we 
find that there exists a solution z(t) of (3.3) with z(t2)=z(t3) =0 and 
246 WITOLD A.KOSMALA 
0 < u(t) d z(t), t E (t2, t3). This is a contradiction because (3.3) is discon- 
jugate and can not have a solution z(t) with two zeros on R, . Thus, if 
u(” - 2)(t) is oscillatory, it can not be negative. So we must have 
a(“- *j(t) 2 0 or u(” ~ *j(t) < 0 eventually. 
(ii) Now, suppose p(t) 6 0 and q(t) 3 0 for t > 0. We show that 
U+ l)(t) > 0 eventually if a(“- 2)( t) > 0 for t > t, . Suppose 24+ ‘)(t4) = 0 for 
some t, B t, . Then (3.4) gives us 
zP( t4) < -q( t4) ZP *) (f4) - Wt4,4g(t‘d) + m(f4))) < 0. 
It follows that u(+ I) (t) is decreasing at each one of its zeros. This implies 
that u(“- l’(t) < 0 for all t > t,. But then from (3.4) we have that u(“)(t) < 0 
for t> t,. This implies that u(t) -+ --CC which in turn implies that 
x(t) + --co as t + +co, which is a contradiction. Therefore z&n- ‘j(t) > 0 
for t large which implies that u(‘)(t) >O, i= 0, l,..., n - 1, eventually. This 
completes the proof. 
Note that a similar theorem can be stated for a reverse inequality (3.1) 
and an eventually negative solution. 
Obseroation. In the statement of Theorem 3.1 Eq. (3.3) which was 
assumed disconjugate on R, can be replaced by a disconjugate equation 
u”+(q(t)-p’(t)/2)u=O (3.6) 
which was used in Lemma 1 by Kartsatos and Kosmala [S]. 
The proof of (ii) with this change would go as follows. 
Let x(t) > 0 be a solution of (3.1) for all t 3 t, 2 0. Let u(t) = x(t) - S(t), 
tat,. Then (3.1) can be written as (3.4) with H(t,u(g(t))+S(g(t)))>O, 
t > t,, as pointed out in the proof of (i) in Theorem 3.1. Suppose t,, t, > t, 
are such that u(np2)(tl)=u(“p2)(t2)=0 and u’“~~‘(~)<O for all t,<t<t,. 
Now we multiply (3.4) by u(‘-~) (t) and integrate from t, to t,. The rest of 
the proof follows the steps of the proof of Lemma 1 in [S]. 
4. COMPARISON RESULTS 
In the remainder of the paper it will be assumed that p(t) < 0, q(t) 3 0, 
and q(t) - p’(t) < 0. Also we will assume that for every t, B 0, all k > 0, and 
any A4, we have 
,l-l:e~p(-i’p(.)~~)[j~~(~, ok)&--Ml&= *co. (4.1) 
In addition, it will be assumed that Eq. (3.3) (which can be replaced by 
(3.6)) is disconjugate on R, . 
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With all this in mind we proceed to: 
THEOREM 4.1. Suppose that 
x’“‘+p(t)x’“~“+q(t)x’“~*‘+H(t,x(g(t)))<0 (4.2) 
has an eventually positive solution x(t). Then (II) has an eventually positive 
solution w(t) with 0 < w(t) 6 x(t) and wci)(t) > 0, i = 0, l,..., n - 1, for t large. 
Proof. Let x(t) > 0 be a solution of (4.2) for t > t, > 0. By Theorem 3.1, 
there exists t, Z to such that x”‘(t) > 0, i = 0, l,..., n - 1, or x(“- *I( t) < 0 for 
t > t, . In either case (n is even) we know that x’(t) > 0 for t 3 t, > tl. Since 
lim,,, g(t) = +co, there exists t, > t, such that g(t) > t, and is increasing 
for t 3 t, . Consequently, x( g( t)) > 0 for t > t3. 
First, let us suppose x(” ~ *) (t)<O for t>tj. We integrate 
x’“‘(t)+p(t)x’“-” + q(t) X(n-2) +H(t,x(g(t)))=F(t)cO 
from t, to t 3 t, to obtain 
’ - J (q(s) - p’(s)) x+~)(s) ds 13 
- J’ m, a(s))) ds + J’ F(S) ds f3 I3 
= M-f(t) - j’ Ws, x(g(s))) ds 
13 
where A4 is a constant and f(t) is the sum of the first and the last integral 
above. Let z(t) = xc’-21 (t) and observe that z(t) satisfies a first-order linear 
equation. Thus 
x 
C 
M-f(s)-l’H(r,x(g(r)))dr ds . 
13 11 
Since x(g(t)) > x(t2) = k > 0 and f (t) is positive, we have that 
z(t)GJl:exp( -[:p(r)dr)[M-jiH(r,k)dr]ds. 
Therefore, from (4.1) we have that lim, j co z(t) = --oo and thus 
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x@- ‘I( t) + -cc as t -+ + co. This is a contradiction to the positiveness of 
x(t). 
Thus, we must have xcne2)(t) > 0 for all t > t,, which by Theorem 3.1 
implies that x(‘)(t) > 0, i= 0, l,..., n - 1, t L t, 2 t,. Next we write (4.2) as 
+ew(j~&ld~) 1[4(t)x’“-2’(t)+H(t,x(g(t)))l<0, 
t > t4. Observe that 
exp (j(l p(s) ds) [4(t) xcnp2) (t) + Mt, xMt)))l = at; XI > 0 
for t > t,. Next, by integration from t to u (t4 d t d U) we obtain 
exp (I,, p(s) ds) xcn- “(u) 
Since x+ ‘j(u) > 0, letting u + +co we get 
exp(j~p(s)ds)x’“~“(t)>j~- K(s;x)ds. 
Therefore, 
x~“~l)(t)>exp(-[~~p(s)ds)~~~K(s:x)ds-R(t;x)>O. (4.3) 
Now, we integrate (4.3) n - 1 times to obtain 
x(t) 3x(&) + 1’ ~“-21’n~‘..~ j” R(s; x) ds ds, . ..ds._, ds,m 2 
14 14 14 f‘l 
= x( t4) + T( t; x). (4.4) 
Next we define, as in the proof of Lemma 2.1 in [4], 
x,(t) = z(t) 
Xm+I(t)=%+ T(t;x,), m = 0, 1, 2 ,... . 
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From (4.4) we obtain by induction that 
O<x,(t)<z(t), tat,, m = 0, 1, 2 ,..., 
and that 
x,+I(t)~4t)~ tat‘j, m = 0, 1, 2 ,... . 
Thus, by Lebesgue’s Theorem of Monotone Convergence, there exists w(t) 
such that lim,H _ o. x,(t)=w(t), O<w(t)<x(t), and 
w(t) = w(tJ + T(t; w). 
Differentiating this equation n times we get the desired result. It easily 
follows that u’(‘)(t) > 0, i = 0, l,..., n - 1, eventually. 
It is obvious that a corresponding result holds with respect to negative 
solutions and reverse inequality (4.2). 
THEOREM 4.2. Suppose that S(t) is an oscillatory solution of (3.2) with 
lim r+cc S(t) = 0. Then (I) is oscilatory if and only if (II) is oscillatory. 
ProoJ: By contradiction we are first going to prove that (I) oscillatory 
implies that (II) is oscillatory. Without the loss of generality we suppose 
that x(t) > 0 is a solution of (II) for all t 3 t, 30. By Theorem 3.1, there 
exists t, > to such that xcnP 2’(t) < 0 or x”‘(t) > 0, i = 0, l,..., n - 1, for t 3 t, 
In either case, observing that n is even, we have that x’(t) > 0 for t > t, 3 t,. 
Since lim, _ a3 g(t) = +co, there exists t, > t, such that g(t)> t3 and is 
increasing for every t > t,. Consequently x( g(t)) > 0 for t > t,. 
We let u(t) = x(t) + S(t). Then from (II) we have that 
u’“‘(t)+p(t)u(“~‘)(t)+q(t)u(“-2)(t) 
+ ff(t, u(g(t)) - Sk(t))) = Q(t) (4.5) 
for t3 t,. Given E ~0, there exists t, 3 t, such that IS(g(t))l <E, 
x(g(t,))>2&, and x(t)>& for t>t,. Observe that u( g( t)) - S( g( t)) > 
u(g(t))--E = x(g(t))+S(g(t))-8 3 x(g(t))-2E 3 x(g(t4))-22E>O for 
t > t,. This implies that 
wt, u(g(t)) - m?(t))) > WC e(t)) - El > 0 
for t 3 t,. Now, from (4.5) we have that 
u’“‘(t)+p(t)u’“~“(t)+q(t)u’“-2’+H(t, u(g(t))-E)<Q(t), 
t>t,. If we define u(t)=u(t)-S(t)-&, t3t4, then 
uy t) + p(t) d” “(f) + q(t) u’” 2’(f) + ff(t, u(g(t)) + m(t))) -=c 0, 
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with u(g(t))+S(g(t))=u(g(t))-.z>O, where u(t)=u(t)-S(t)-&= 
x(t)+S(t)-S(t)-&=x(t)-E>> for t> t,. Letting H( t, u( g( t)) + 
S( g( t))) = H*( t, u( g( t))), we observe that u(t) is a positive solution of 
By Theorem 4.1, we are guaranteed the existence of a positive solution w(t) 
to the equation 
Adding 
S’“‘(t)+p(t)S’“~“(t)+q(t)S’“-2’ (t) = Q(t) 
to the above, we observe that (I) has a solution z(t) = w(t) + s(t). Note 
that z(t) is positive eventually because w(t) is increasing and S(t) -+ 0 as 
t + co. This is a contradiction to the assumption. This completes the first 
half of the proof. 
Next we prove that (I) is oscillatory if (II) is. The proof is again by con- 
tradiction, and so without the loss of generality we assume x(t) > 0 is a 
solution of (I) for all tBto20. Let u(t)=x(t)-S(t), t>to. By 
Theorem 3.1 we know that there exists t, B t, such that uCnP 2)(t) < 0 or 
LP’( t) > 0, i = 0, l)...) n - 1, and t b t,. Thus we must have that u’(t) > 0 for 
t>,t,>t,. Since lim,,, g(t) = +co, there exists t, 2 t, such that g(t) 3 t, 
and is increasing for every t 3 t,. This implies that x(g(t)) > 0 for t 3 t,. 
Moreover, since lim, _ r S(t) = 0 we can choose t, such that for any given 
O<E<U(t3) we have IS(t)1 <E and IS(g(t))l <E if t>tt,. Now, from (I) we 
have that 
u’“‘(t)+p(t)zP “(t)+q(t)u’“yt) 
+ wt, a(t)) + Q(t))) = 03 (4.6) 
t>t,. Observe that u(g(t))+S(g(t))>u(g(t))-c>u(t,)-&>O for tat,. 
Thus from (4.6) we have 
t2 t,. Define u(t)= U(t)--& which is positive since u(t3)>& and u(t) is 
increasing. Then we have 
Thus, by Theorem 4.1 we know that the equality (II) must also have a 
positive solution which contradicts the assumption. Now the proof of the 
theorem is complete. 
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THEOREM 4.3. Suppose that gi(t) and Hj(t, u) have the same properties as 
g(t)andH(t,u)dofor i=l,2. Alsosuppose thatp,: R, +R_,p,~cl(R+), 
qi:R+ +R+, q;EC(R+), and qi(t)-p((t)<O for i= 1,2. Assume that 
PI(t) d pz(t), 41(t) d qAt)> sl(t) 6 gdf), CH,(t, u) - H,(t, u)l en US 0, 
tER+, u # 0. We also suppose that (4.1) is satisfied for p2, H,, and 
Eq. (3.3) is disconjugate for pz and q2. Then the equation 
xc”’ + p*(t) x(“- ‘) + q*(t) x+*)+ H2(t, x(g*(t))) = 0 (4.7) 
is oscillatory if 
(4.8) 
is oscillatory. 
THEOREM 4.4. Let Hi(t, u) and g,(t) have the same properties as H(t, u) 
and g(t) do for i= 1, 2. Assume that g,(t) < g2(t) and [H,(t, u)- H2(t, u)] 
sgnu60, for tER,, u # 0. Let S(t) be an oscillatory solution of (3.2) with 
lim I _ oc S(t) = 0. Then the equation 
x(~~+p(t)x’“~“+q(t)~‘“~*‘+H~(t,x(g~(t)))=Q(t) 
is oscillatory if 
is oscillatory. 
5. OSCILLATION RESULTS 
THEOREM 5.1. Let S(t) be a solution of (3.2) with lim, _ m S(t) = 0. Zf 
XC”) + p(t) xcn ~ ‘1 + H(t, x(g(t))) = 0 
is oscillatory, then so is (I). 
THEOREM 5.2. Consider Eq. (I) where S(t) is an oscillatory solution of 
(3.2) with lim, _ co S(t) = 0. Suppose that 
x@) + H,( t, x( g( t))) = 0 
is oscillatory. Suppose further that H(t, u) = H,(t, u) + H2(tr u), where 
Hi: R, x R + R are continuous, increasing in their second variable and such 
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that uH,(t, u) > 0 for u # 0, i = 1,2. Also assume that for every triplet 
(,I, 6, p) of positive constants there exists a number T(I, 6, p) > 0 such that 
2 Ip( d h(t) + H,(t, +wn-2), t> T. 
Then (I) is oscillatory. 
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